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LECTURE TOPIC

23 INTEGRATION: CARTESIAN AND POLAR

24 INTEGRATION BY SUBSTITUTION
25 INTEGRATION BY PARTS

26 AREA BETWEEN CURVES

Chapter 6: Integration Techniques
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Calculus Inspiration
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Spacelike
Timelike

and 
Lightlike:
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Substitution 101:

A powerful symbolic trick:

f (u)du f (g( x)) g'( x) dx
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Y=C1+sin(X)

Y=cos(2X+1)

Y=cos(X)

Substitution 101:

For example, we know that:

but what is:

1dx sin(cos( x) ;x) C

cos(2x 1 ;) dx ?

Lecture24-Substitution101.gx  



 
7 

Substitution 101:

For example, we know that:

but what is:

1dx sin(cos( x) ;x) C

cos(2x 1 ;) dx ?

Use substitution:

du 2 dx

d d

u 2x 1

u (2x 1) 2
dx dx

du
2

dx

du

Let

Then

Because

AN

dx

D I

E

2

F

TH N

Substituting we have:

2

cos(u) cos(u)
du 1

du
2 2

1
sin(2x 1) C

2
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Y=C1+sin(X)

Y=cos(2X+1)

Y=cos(X)

Substitution 101:

Exercise:

Fill in the missing fourth curve which 
solves:

Use a constant that allows the curve 
to shift up and down, as the example 
does.

Lecture24-Substitution101.gx  

cos(2x ;1) dx
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Substitution 201:

What is:

f (g( x)) g'( x) dx f (u)du
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Substitution 201:

We assert that:

but what is:

f (g( x)) g'( x) dx f (u)du

f (g( x)) g'( x) dx ? ;

Use substitution:

du d(g( x))dx

d d
g'( x)

dx dx

Let

Then

Because

A
du

g'( x)
dx

u g( x)

u g

ND IF

TH

d

EN

( x

u '( x) x

)

g d

Substituting we have:

f (u)du f (g( g'( xx) dx) )
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Substitution 301:

An advanced example of:

f (g( x)) g'( x) dx f (u)du
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Substitution 301:

We know that:

but what is:

3
2 3

2
x 2

dx x
3

x
3

2

1

x
dx ? ;

Y= X+C0

Y=
2·X

3

2

3
+C1

Y=
1

X
+C2
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Substitution 301:

1

1

2

2

1
2 2

1

3
2

2

1

2

1
12 2

Given

If Then

We recognize that therefore

and by rearranging obtain

S

dx

dx u du

dx u du

u d

x

u x

u du 2u C

2u C 2(

o that

Simplifying

Finally we obtain :

x u

u

du x dx

du

x ) C

x

2

u

x

d

u
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Substitution 301: Lecture24-Substitution301.wxm  

We can also use wxMaxima™ to 
assist in the substitution and check 
our work. Doing complex math by 
hand is both tedious and prone to 
error.
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Substitution 301:

Y= X+C0

Y=
2·X

3

2

3
+C1

Y=
1

X
+C2

Lecture24-Substitution301.gx  

We could have just noticed that:

and avoided using substitution,but
substitution is a useful technique so it 
pays to practice!

1
2

1
x

x
dx dx 2 x
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Substitution 301:

Y= X+C0

Y=
2·X

3

2

3
+C1

Y=
1

X
+C2
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Exercise:

Fill in the missing fourth curve which 
solves:

As before, use a constant that allows 
the curve to shift up and down.

1

x
dx ;
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End

The quick brown fox jumps over the lazy dog.

substitute(“dog”, “cat”)

The quick brown fox jumps over the lazy cat.

substitute(“fox”, “mouse”)

The quick brown mouse jumps over the lazy cat.


