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Derivative Tests and Mean Value Theorem:

In the previous lecture we learned techniques for finding the extrema of
functions, the location of maximum and minimum values.

In this lecture we will extend the utility of these techniques and cover two
important theorems: Rolle’s Theorem and the Mean Value Theorem.

We will then use those in a practical application utilizing the sinc function.

After that we will look at concavity and other tests that yield insight into the
functions whose behavior we seek to understand.




Lecturel7-RollesTheoremForSin.gx

Rolle’s Theorem

IF
f(x) is continuous in [a..b] and
f(x) is differentiable in [a..b] and
f(a) equals f(b)
f(a) THEN
There exists a number cin [a..b] such that
flo)  f'(c)=0

® . ¢ i

" c - - Exercise:

1)  Open the example, drag a and b.

2)  Find two settings of a and b that satisfy Rolle’s.
3)  Find four settings of a and b that do not.

a

[a..b] is the interval
from a to b inclusive. |




Proving Rolle’s Theorem

f(x) continuous in [a..b]
f(x) differentiable in [a..b]
f(a) = f(b)

c exists in [a..b]
such that
f'(c)=0

Lecturel7-ProvingRollesCasel.gx

Case l:

IF

f(x) = constant
THEN

f’(x) =0,

AND

cisany xin [a..b]

ata " pb)
® o '
a c b

Exercise:
1)  Open the example.
2)  Drag all six points

notice truth unchanged.

IF

f’'(x) =0forall xin [a..b]

THEN f(x) is constant on [a..b]




Proving Rolle’s Theorem

f(x) continuous in [a..b]
f(x) differentiable in [a..b] | —>
f(a) = f(b)

c exists in [a..b]
such that
f'(c)=0

Casell:

f(a) = f(b)

f(x) > f(a) for some x in [a..b]
max cisin [a..b]

By EVT f(x) has a max cisin [a..b]

Thus f(x) has a local max c and f’(c) exists
and f’(c) =0 by Fermat’s Theorem

Lecturel7-ProvingRollesCase2.gx

Exercise:
1)  Openthe example.
2) Drag all five points
notice truth is unchanged.




Lecturel7-ProvingRollesCase3.gx

Proving Rolle’s Theorem

f(x) continuous in [a..b] c exists in [a..b]
f(x) differentiable in [a..b] | —> such that
f(a) = f(b) f(c)=0
Case lll:

f(a) = f(b)

f(x) < f(a) for some x in [a..b]
min cisin [a..b]
By EVT f(x) has a min cis in [a..b]

Thus f(x) has a local min c and f’(c) exists 2. ¢
and f’(c) =0 by Fermat’s Theorem

Exercise:

1)  Construct this case using
Lecturel7-ProvingRollesCase2.gx and
Lecturel7-ProvingRollesCase2.wxm




Proving Rolles Case 2: wxMaxima™

f(X) :=k+X*p- (X-h) *2;
f(x):=k+Xp-(x-h)

<€

bp+k-(b-h)

solve(f(a)=L(b),b);
[ b=p+2h-a, b=a]

;ﬁp+2h—a}{p+h—af+k

fi{second(first (%)) <

<€

1)

2)

3)

4)

5)

Write the equation.

Find f(a).

Find f(b).

Find b such that f(a) = f(b).

Back substitute to
find f(b).




Proving Rolles Case 2: wxMaxima™

fp(X) :=diff (£ (X),%); < 1) Differentiate f(X).
fp(x):=diff(£(x), x

solve (fp (), %) 7
_ptZh <
=— ]

2) Solve for c, the critical X.

[ X

f({second(first(%)));

_[p+2h_hr+p(p+2h)
2

< 3) Find f(c), the critical Y.
+ k

<€ 4) Find f’(X) for drawing.




The Mean Value Theorem: MVT

Lecturel7-MeanValueTheorem1.gx

IF

f(x) is continuous in [a..b] and f(x) is differentiable in [a..b]
THEN There exists a number cin [a..b] such that: f'(c) = f(b)—f(a)

e

1)

2)

Exercises:

Drag c between a and b. Are
the tangent and secant
parallel for more than one
value of c?

Drag a to X=10.

Repeat Exercise 1.

Is the outcome the same?

A

(o}
1

Q)

Tangent

fr
._L(C)
5




MVT: Practical Example

Lecturel7-MeanValueTheorem?2.gx

If a car travels 60 miles in 60 minutes, averaging 1 mile per minute,
then at some time its instantaneous speed was 1 mile per minute.

XFinal (miles) es0

0,0 time

Secant

Tangent

(tFinal, xFinal)

Exercises:

1)  Drag time between 0 and tFinal.

2) Time is on the horizontal axis.
What is tFinal?

3)  Position is on the vertical axis.
What is xFinal?

4)  What does dx/dt mean?

tFinal (minutes)




A Short Aside: Boxed Sine Wave

Lecturel7-BoxedPiSin.gx

They make one complete cycle in 2wt radians.

Sine and cosine are both periodic over an interval of width 27.

Notice that sin(x) is not symmetric about the vertical axis.

Exercises:
1) DragA.
2)  What is the width of a cycle?
3)  Whatis the height of a
cycle?
2:-A 4)  For what value of Amplitude

is the bounding region of a
sine wave cycle square?

— 2T




Lecture17-BoxedPiCos.gx

Boxed Cosine Wave and Sinc Lecture17-BoxedPiSinc.gx

Notice the symmetry of cos(x) and sin(x)/x about the vertical axis.
How did a function containing sin(x) suddenly become symmetric?

y=cos(x) y=sin(x)/x

— 2-T 27

Exercises: 1) Notice we did not get a full “cycle” with the sinc function.
2) Compute the width of the first cycle of sinc(x) = sin(x)/x.




Lecturel7-SincCycleWidth.gx

Sinc Roots

We can find the zeroes of the sinc cycle by finding its roots.
These are multiples of n-x, coincident with the roots of sin(X).

A

(-T7.0) (m.0)

Exercises: 1) Drag A up and down.

2) Does the value of A affect the roots of sinc(X)?
|




SinC CVCIE Wldth Lecture17-SincCycleWidth.gx

Finding the width of the central sinc cycle requires the critical points.
These are not multiples of n-m, nor are they zeroes of sinc(X).

Exercise:
Find the derivative of A - sinc(X).




Sinc Cycle Width

Lecture17-SincCriticalPoints.gx

We can find the sinc cycle width by finding the roots named -1 and 1.
They are obtained by numerical solution using Newtons’ Method.

Exercise:

Write the equation for the zeroes of the derivative of sinc(X).

T L T T T

1) | v |




Sinc Cycle Width

Lecturel7-SincCriticalPoints.wxm

Aiff (Y (X),X) s
Acos(};’) A sin(};’)

X e

solve (3,X)

Sin(x
[ X= ]
CDS(X

e

e

V(X)) i=A*s1n (X)) /%;

Finding Critical Points does not always
have a closed-form solution. Such cases
require numerical techniques such as
Newtons’ Method shown here.

load(newtonl) s

newton (tan(x)-x, x,4.5,1/1076) ;
4.4934094579059247

newton(tan(x)-x, x,7.7,1/1076);
J.725h2518565938464

Exercise: Where does the tan (x) term come from?




Increasing/Decreasing "ID" Test

1) If f'(x) > 0 on [a..b] then f(x) is increasing on [a..b]
2) If f’(x) < 0 on [a..b] then f(x) is decreasing on [a..b]

Lecture 17 - Derivative Tests and Mean Value Theorem




The First Derivative Test

1) If f'(x) changes + to -
2) If f'(x) changes - to +

3) If f’(x) does not flip sign at c, then f(x) has NO max/min at ¢

at c, then f(x) has a local max at c
at c, then f(x) has a local min atc




Concavity Upward and Downward

1) If f(x) lies above its tangents on [a, b] it is concave upward.
2) If f(x) lies below its tangents on [a, b] it is concave downward.

Concave

Concave

Down /




Lecturel7-SincSecondDeriv.gx

Concavity Test

1) If for on [a..b] then f(x) is concave upward on [a..b]
2) If for on [a..b] then f(x) is concave down on [a..b]

-Sj -A-sin(X) A-cos(X
Y:Asm(X) V= ( )+ (X)
X 2 X




Lecturel7-SincSecondDeriv.gx

Inflection Point

changes sign as concavity changes from up to down.
This is called an

v= A-sin(X)

N \/ \//\\//




Lecturel7-SincSecondDeriv.gx

Second Derivative Test

1) If f’(c)=0and > (), then f(x) has a minimum at c.
2) If f’(c) =0 and < (J, then f(x) has a maximum at c.

-Gj -A-sin(X) A-cos(X
Y:Asm(X) V= X) . (X)
X 2 X
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